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The Jackiw-Teitelboim model written as a BF theory in two dimensions is analyzed by using
the Dirac’s and Faddeev-Jackiw formalism. The analysis consists in finding the full structure of
the constraints, the gauge transformations, the counting of degrees of freedom and the generalized
Faddeev-Jackiw brackets. The Poincare´ symmetry and the diffeomorphisms are found. Further, we
show that the Faddeev-Jackiw and Dirac’s brackets coincide to each other.
PACS numbers: 98.80.-k,98.80.Cq
I. INTRODUCTION
The interest of studying lower dimensional theories is that lower dimensional models have been of
enormous use in several branches of physics and specifically lower dimensional gravity theories have
proven highly instructive in the understanding of the quantum gravity theories. Also, they provide a
starting point in which certain basic physical phenomena can be easily demonstrated while avoiding
some of the mathematical complexities often encountered in four dimensions[1]. On the other hand,
models such are important since they help to generate new ideas, and to stimulate new insights into
their dimensional counterparts [2]. For instance, it is well-known that General Relativity without
cosmological in 3D, that it can be regarded as a Chern-Simons action when one uses the ISO(2, 1)
Poincare´ group. Analogously using the SO(3, 1)(Λ > 0) or SO(2, 2)(Λ < 0), de Sitter or anti-de
Sitter groups leads to Einstein theory with cosmological constant [3].
In two dimensions, Einstein-Hilbert action of the gravitational field is dynamically trivial, since
it gives just a topological invariant, namely, the Euler characteristic of two-dimensional surface
and does not lead to equations of motion. Therefore, due to this trivial feature of 2D gravity, it
is necessary to modify the Einstein-Hilbert action. Hence, as Jackiw states, ”When it comes to
gravity in (1+1) dimensions, it is necessary to invent a model” [4]. Jackiw and Teitelboim [JT] de-
veloped a model, where include, in addition to the space-time the metric gµν , a scalar field Ψ(x) [5, 6].
The [JT] model is described down the next action
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2SJT [gµν ,Ψ] =
1
2
∫
d2x
√−gΨ(R− 2Λ). (1)
The Euler-Lagrange equations for [JT] model are given by
δSJT [gµν ,Ψ]
δΨ
: R − 2Λ = 0, (2)
δSJT [gµν ,Ψ]
δgµν
: ∇µ∇νΨ+ ΛgµνΨ = 0. (3)
The first equations of motion refer to Einstein’s equation (3), the parameter Λ playing the role of
the cosmological constant and the second is the equation of motion for the scalar field [7].
The geometric dynamic of [JT] model may be presented in a gauge1 theoretical form and can
be formulated as a BF theory, which is a generalization of Witten’s work in three dimensions on
Chern-Simon theory [8, 9]
SBF [B,A] =
∫
Tr(B ∧ F ). (4)
The aim of this paper is to present two classical approaches to analyze the BF model for 2D gravity
by means of Dirac formalism and the Faddeev-Jackiw method. It is important to comment that
there exist analysis of the BF action developed in a smaller phase space2 through Dirac’s algorithm
reported in [11, 12] and the Hamilton-Jacobi formalism has been studied in [13], however, in the
first work the analysis was developed in a smaller phase space and the complete structure of the
constraints on the full phase space was not reported. It is important to carry out an analysis in the
full phase space following all the Dirac steps, because it is possible to obtain incomplete results if
some of the Dirac steps is omitted [14]. The implementation of Dirac’s approach, in the classification
of the constraints in first and second class, in some cases, it is complicated and is not a trivial task
[15], therefore, it is necessary to use another framework that could give us a complete description of
singular systems, in this context, the Faddeev-Jackiw [FJ] [16] formalism is an alternative scheme
to the Dirac approach.
The advantages in using the [FJ] approach come from the fact that it is not necessary to do the
classification of the constraints in first and second class as carried out in Dirac algorithm since all
the constraints of the theory are on the same footing. Additionally, all the relevant information of
the theory can be obtained through an invertible symplectic matrix where the entries of this inverse
matrix correspond to the [FJ] generalized brackets and coincide with the Dirac brackets. We can find
diverse applications and developments of this formulation in [18–21]. Respecting three-dimensional
1 Where the [JT] theory can be formulate as a SO(2, 1) gauge theory.
2 This means that only those variables that occur in the action with temporal derivative are considered as dynamical
[10].
3gravity, the [FJ] formalism has been employed to study the Bonzom-Livine action [22], topologically
massive gravity [TMG][23], and the abelian analog version of TMG theory at the chiral point [24].
For the reasons explained above, in this paper we consider a pure Dirac’s approach and [FJ]
analysis of the BF model. If we want to compare both scheme, it is mandatory to work in Diracs
formalism with the full configuration space [25]. It is important to comment that the results has not
been reported in the literature and as special case we reproduce those reported in [11, 13].
The organization of this paper is as follows. In the next section, we briefly discuss the BF model.
In Section III we show how to arrive at the complete structure of the constraints, and we find the
Dirac brackets. In Section IV we obtain the generator of the general gauge transformations. In
Section V we develop a complete analysis of the BF model in the [FJ] approach, and we find the
full constraints, the symplectic matrix and the gauge symmetries of the theory. We work with
the configuration space field as symplectic variables with the purpose of reproducing all the Dirac
results, as we will see the generalized [FJ] brackets and Dirac’s brackets coincide to each other. In
Section VI finally, we present the results.
II. JACKIW-TEITELBOIM MODEL IN THE BF FORMULATION
In n-dimensional spacetime, BF theory with gauge group G involves two fields: a G connection
A, and a g-valued (n-2)-form E. In the absence of matter, the lagrangian is simply [26]
L = Tr(E ∧ F ). (5)
The BF theory of two dimensional gravity consist on the gauge connection 1-form A and a scalar
field B, also called background field (B-field), whose action is given by
SBF [B,A] =
∫
M
Tr(B ∧ F ), (6)
the trace is taken on the adjoint representation of G, and F = dA + A ∧ A is the curvature of
A. The corresponding Euler-Lagrange equations are F = 0 and DAB = 0, where the first equation
simply say that the connections A is flat, and the second equation say that B is covariant constant-its
covariant exterior derivative DAB vanishes.
It is well-know that [JT] model can be written as a BF theory in two dimensions [8]. The
gauge group G of two dimensional gravity is given by de Sitter or anti-de Sitter in Riemmanian
or Lorentzian space-time. Hence, the (A)dS algebra of the generators will satisfy the following
commutation relations3
[J,PI ] = ǫI
J
PJ , [PI ,PJ ] = ǫIJΛJ, (7)
3 The antisymmetric tensor ǫIJ is defined by ǫ01 = 1. The indices I, J, ... = 0, 1 are lowered raised by the flat metric
ηIJ = diag(σ, 1) or its inverse η
IJ , where σ = ±1 for Riemannian, resp. Lorentzian theory. For σ = −1 or 1, is the
Lie algebra of SO(3) or SO(1, 2) [8, 11].
4where the operators PI and J are the translation generators and the Lorentz boost generator. If we
define generators of the (A)dS algebra as {Ti} = {T0, T1, T2} = {P0,P1,J}, the Lie algebra can be
written as4
[Ti, Tj ] = f ij
kTk = Λǫijlη
lkTk, (8)
and the metric ηij on the Lie algebra can be expressed as
ηij = diag(Λσ,Λ, 1). (9)
Nonetheless, the presence of a non vanishing cosmological constant Λ is necessary to ensure the
non degeneracy of the Killing metric and to build a consistent gauge theory [8, 9].
III. HAMILTONIAN DYNAMICS OF THE JACKIW-TEITELBOIM MODEL IN THE
BF FORMULATION
The ”BF” action (6) can be written in the form5 [8]
SBF [A, φ] =
∫
〈φ, F 〉 = 1
2
∫
d2xǫµνηijφ
iF jµν . (10)
The ”B-field” (B → φ = φiTi =: ϕIPI+ΨJ ) of the theory is a 0-form and F = F iTi = F IPI+F 2J
is the Yang-Mills curvature, where F I = deI + ωIJ ∧ eJ and F 2 = dω + Λ2 ǫIJeI ∧ eJ represent the
torsion and curvature 2-form of the zweibein field in the first order formalism.
The variation of the action (10) leads to the equations
δSBF [φ,A]
δφi
: F i = 0,
δSBF [A, φ]
δAi
: Dφi = 0, (11)
the equations (11) for two dimensional BF gravity are equivalent to equations [JT] model [8].
Therefore, in order to carry out the Hamiltonian analysis, we assume that space-time has the
topological structure M = Σ × ℜ, where Σ is a 1-dimensional manifold, representing the ”space”
and ℜ represents an evolution parameter. By performing the 1+1 decomposition, we can write the
action (10) as6
SBF [A, φ] =
∫
d2x(φi∂tA
i
x +A
i
tDxφi). (12)
4 The completely antisymetric tensor ǫijl is defined by ǫ012 = 1.
5 The values of the spacetime of the indices µ, ν, ... are label by t, x. The antisymmetric tensor ǫµν is defined by
ǫtx = 1.
6 The component fields are given by φi = (ϕ0, ϕ1,Ψ), Aix = (e
0
x, e
1
x, ωx), A
i
t = (e
0
t , e
1
t , ωt). Dxφi = ∂xφi+f ij
kA
j
xφk.
5The definition of the momenta (Πxi ,Π
t
i,Π
φ
i ) canonically conjugate to the configuration variables
(Aix, A
i
t, φ
i) is given by
Πxi =
δL
δA˙ix
, Πti =
δL
δA˙it
, Πφi =
δL
δφ˙i
. (13)
The matrix elements of the Hessian is given by7
HLM =
∂2L
∂Q˙L∂Q˙M
= 0. (14)
Note that rank of the Hessian is zero, thus, we expect 9 primary constraints. From the definition of
the momenta (13) we identify the following 9 primary constraints
Φxi := Π
x
i − φi ≈ 0, Φti := Πti ≈ 0, Φφi := Πφi ≈ 0. (15)
The canonical Hamiltonian is given by
Hc = −
∫
dxAitDxφi, (16)
and the corresponding primary Hamiltonian HP
HP = Hc +
∫
dx
[
λixΦ
x
i + λ
i
tΦ
t
i + λ
i
φΦ
φ
i
]
, (17)
where (λix, λ
i
t, λ
i
φ) are the corresponding Lagrange multipliers associated of these constraints
(Φxi ,Φ
t
i,Φ
φ
i ). The fundamental Poisson brackets of the theory are determined by the commuta-
tion relations
{Aiµ(x),Πνj (y)} = δijδνµδ(x− y),
{φi(x),Πφj (y)} = δijδ(x− y). (18)
The next steps is to observer if there are more constraints, so that, we calculate the following 9×9
matrix whose entries are the Poisson brackets among the constraints (13)
{Φµi (x),Φνj (y)} = 0,
{Φxi (x),Φφj (y)} = −ηijδ(x− y), (19)
and expressed in matrix form, namely,
W = {Φ˜A(x), Φ˜B(y)} =


0 0 −ηijδ(x− y)
0 0 0
ηijδ(x− y) 0 0

 , (20)
7 Where QL label the sets of variables QL = {A
i
x, A
i
t, φ
i}.
6where, Φ˜A = (Φxi ,Φ
t
i,Φ
φ
i ). It is easy to see that this matrix has rank=6 and 3 null-vectors. By
using these 3 null-vectors and the evolution of Φti produces the following 3 secondary constraints
Φ˙ti = {Φti(x), HP } ≈ 0 ⇒ βi := Dxφi ≈ 0, (21)
and consistency conditions of Φxi and φi leads to 6 Lagrangian multipliers
Φ˙xi = {Φxi (x), HP } ≈ 0⇒ λiφ + ǫijkAjtφk ≈ 0,
Φ˙φi = {Φφi (x), HP } ≈ 0⇒ λix −DxAit ≈ 0. (22)
Consistency conditions of the secondary constraints leads to no new constraints. Having found
all constraints, we need to identify from the primary and secondary constraints which corresponds
to first and second class. In order to classify the full set of constraints, we have to calculate the
rank and the null-vectors of the 12× 12 matrix whose entries will be the Poisson brackets between
primary and secondary constraints, this is
{Φxi (x),Φφj (y)} = −ηijδ(x − y),
{Φxi (x), βj(y)} = f ijkφkδ(x − y),
{Φφi (x), βj(y)} = −ηij∂y(x − y)− fijlAlyδ(x− y). (23)
This matrix has a vanishing determinant. After a long calculation, we found that this matrix has a
rank=6 and 6 null vectors, thus, the theory presents a set of 6 first class constraints and 6 second
class constraints. The structure of the constraints first class is obtained by means the null vectors,
where, the null vectors of the matrix (23) are given by
V 1i = (0, δ
j
i δ(x− y), 0, 0),
V 2i = (−δji ∂xδ(x− y) + f jikAkxδ(x− y), 0,−f ijkφkδ(x− y), δji δ(x − y)), (24)
In order to identified the following 6 first class constraints, we used the contraction of the null
vectors (24) with the constraints (15) and (21)
γi = Dxχ
x
i +Dxφi − f ijkφkχφj ≈ 0,
γti = Φ
t
i = Π
t
i ≈ 0, (25)
and the following 6 second class constraints
χxi = Φ
x
i = Π
x
i − φi ≈ 0,
χ
φ
i = Φ
φ
i = Π
φ
i ≈ 0. (26)
At this point, it is worth noting that these constraints have not been reported in the literature. As
was pointed out at the introduction, it is mandatory to know the correct structure of the constraints
on the full phase space in order to get complete information of the fundamental gauge transforma-
tion and the Dirac brackets. As we well know, the structure of constraints are related to gauge
7symmetries, besides, they have an important role an important role on the formulation canonical
approaches of quantization [14].
We now give the complete algebra among the constraints (25) and (26)
{γi(x), γj(y)} = f ijkγkδ(x− y) ≈ 0,
{γi(x), γtj(y)} = 0,
{γti (x), γtj(y)} = 0,
{γi(x), χφj (y)} = f ijkχφkδ(x − y) ≈ 0,
{γi(x), χyj (y)} = f ijkχykδ(x− y) ≈ 0,
{χφi (x), χyj (y)} = ηijδ(x− y), (27)
where we can observe that the algebra of constraints (27) is closed and form a Lie algebra of the
group A(dS). These constraints generate the A(dS) gauge transformation. Additionally, with all the
information obtained until now, we can construct the Dirac brackets. For this aim, we shall use
the matrix whose elements are only the Poisson brackets among second class constraints, namely
Cαβ(x, y) = {ζα(x), ζβ(y)}, given by
[Cαβ(x, y)]ij =

 0 1
−1 0

 ηijδ(x− y), (28)
the inverse matrix [Cαβ(x, y)]
ij is given by
[Cαβ(x, y)]
ij =

 0 −1
1 0

 ηijδ(x− y). (29)
The Dirac brackets among two functionals A, B is defined as
{A(x), B(y)}D = {A(x), B(y)}P −
∫
dudv{A(x), ζα(u)}C−1αβ(u, v){ζβ(v), B(y)}, (30)
where {A(x), B(y)}P is the usual Poisson bracket between the functionals A, B and ζα = (χφi , χxi )
is the set of second class constraints. By using (29) and (30), yields the following Dirac’s brackets
of the theory
{Aix(x), φj(y)}D = δijδ(x− y),
{Aiν(x),Πµj (y)}D = δijδµν δ(x− y), (31)
we can observer that in BF model the fields Aix and φi they are non-commutative.
We calculate the Dirac brackets among the first and second class constraints, and we have found
that non trivial part of the Dirac Brackets is given by
{γi(x), γj(y)}D = f ijk(γk + fkmnχxmχφn)δ(x − y). (32)
8According to the Dirac formalism, the Dirac brackets among first class constraints must be square
of second class constraints and linear of first class constraints. Additionally, the Dirac Brackets
amongst the second class constraints {ζα(x), ζβ(y)}D = 0, and with all other quantities turn out be
zero [14].
On the other hand, the identification complete of the constraints and Lagrange multipliers will
allow us to identify the extended action. By using the first class constraints (25), the second class
class constraints (26), and the multipliers Lagrange multipliers (22) we find that the extended action
takes the form
SE [φ
i,Πφi , A
i
µ,Π
µ
i , λ
i, λit, u
i
x, u
i
φ] =
∫
d2x(Πφi φ˙
i +Πµi A˙
i
µ −H− λiγi − λitγti − uixχxi − uiφχφi ), (33)
and
H = −Aitγi = −Ait(Dxχxi +Dxφi − f ijkφkχφj ), (34)
where λi, λit, u
i
x, u
i
φ, are the Lagrange multipliers that enforce the first and second class constraints.
We are to observable, by considering the second class constraints as strong equation, that the
Hamiltonian (34) is reduced to the usual expression found in the literature [11, 12], which is defined
on a reduced phase space context. From the extend action we can identify the extend Hamiltonian,
which is given by
HE =
∫
dx(H + λiγi + λitγti ), (35)
thus, the extended Hamiltonian is a linear combination of first-class constraints as expected.
The equations of motion obtained from the extend Hamiltonian and brackets Dirac are expressed
by
φ˙i = {φ,HE}D = f ijk(λj −Ajt )φk,
A˙ix = {Aix, HE}D = Dx(Ait − λi),
A˙it = {Ait, HE}D = λit,
Π˙xi = {Πxi , HE}D = f ijk(λj −Ajt )Πxk ,
Π˙ti = {Πti, HE}D = γi. (36)
IV. GAUGE GENERATOR
We will calculate the Fundamental Gauge Transformation (FGT) defined on the full phase space.
The construction of the FGT is based on the Castellani method and the gauge generators are given
by first class [27]. According to the Castellani method, the gauge generator is given by
9G =
∫
∑
[
Dtτ
iγti + ε
iγi
]
. (37)
By using the gauge generator, we obtain the following gauge transformation on the phase space
δ0φi = f ij
kεjφk,
δ0A
i
x = −Dxεi,
δ0A
i
t = Dtτ
i,
δ0Π
φ
i = f ij
kεjχ
φ
k ,
δ0Π
x
i = f ij
kεjχxk + f ij
kεjφk,
δ0Π
t
i = f i
j
kτ
kγtj . (38)
We can see that FGT of BF model are given by (38) and do not correspond to diffeomorphisms.
Nevertheless, it is well known that a theory with background independence is diffeomorphisms
covariant, and this symmetry can be obtained from the FGT. Hence, the diffeomorphisms must be
found by redefining the gauge parameters as τ i = −εi = vρAiρ, and where v is a vector field
δ0φi = −f ijkvρAjρφk,
δ0A
i
µ = Dµ(v
ρAiρ), (39)
and the gauge transformation of the fields takes the following form
φ′i → φi + Lvφi − vρDρφi,
A′iµ → Aiµ + LvAiµ + vρF iνρ. (40)
The expression for diffeomorphisms are obtained (on shell) from the FGT as an internal symme-
try of the theory. For other hand, the symmetries obtained in (38-43), are related with Poincare´
transformation. We can redefine the gauge parameters as τ i = −εi = θi + vρAiρ [28]
δ0A
i
µ = Dµθ
i + ∂µv
ρAiρ + v
ρ∂ρA
i
µ + v
ρF iµρ = δPGTA
i
µ + v
ρF iµρ,
δ0φi = −f ijkθjφk + vρ∂ρφi − vρDρφi = δPGTφi − vρDρφi. (41)
where
δPGTA
i
µ = Dµθ
i + ∂µv
ρAiρ + v
ρ∂ρA
i
µ,
δPGTφi = −f ijkθjφk + vρ∂ρφi. (42)
We can see that the gauge symmetries (41) take back to the Poincare´ symmetries up to terms
proportional to the equations of motion (11).
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To conclude this section, we have performed a pure Hamiltonian analysis for BF action. With the
present analysis, we have obtained the extended action, the extended Hamiltonian, the complete
structure of the constraints on the full phase space, and the algebra among them, the counting of
degrees of freedom and the fundamental gauge transformations. It is important to mention, that
correct identification of the constraints it allows us to carry out the count degrees of freedom. In
this model, we find 18 canonical variables (φi, A
i
µ,Π
φ
i ,Π
µ
i ), 6 first class constraints (γi, γ
t
i) and 6
second class constraints (χφi , χ
x
i ); we therefore have 18 − 2(6) − 6 = 0 degrees freedom, and we
can conclude that the SBF action for gravity in two dimensions is devoid of degrees of freedom,
consequently, the theory is topological. Additionally, we have constructed the Dirac brackets and
they will be useful as a first step towards of quantization of theory.
V. FADDEEV-JACKIW ANALYSIS FOR BF THEORY
In this section, we focus now on the FJ method. In order to perform this aim, we observe that
Lagrangian density of the action (12) can be written in the following form
L(0) = φi∂tAix +AitDxφi = φi∂tAix − V (0), (43)
where V (0) = −AitDxφi is called the symplectic potential.
In the [FJ] method, the Euler-Lagrange equations of motion are [16]
f
(0)
ab ξ˙
b =
∂V (0)(ξ)
∂ξa
, (44)
f
(0)
ab (x, y) =
δab(y)
δξa(x)
− δaa(x)
δξb(y)
, (45)
where f
(0)
ab is the symplectic matrix and with ξ
(0)a representing a set of symplectic variables, a(0)a
is called the canonical 1-form. It is important to comment, that in [FJ] framework we are free
to choose the symplectic variables, we can choose the configuration variables or the phase space
variables. In order to obtain all the Dirac results of previous section, we will use the configuration
space as symplectic variables [16]. In terms of the symplectic variables ξ(0)a(x) = {φi, Aix, Ait} and
the components of the symplectic 1-forms a(0)a(x) = {0, φi, 0}, the symplectic matrix is given by
f
(0)
ab (x, y) =


0 δij 0
−δji 0 0
0 0 0

 δ(x− y). (46)
The symplectic matrix f
(0)
ab represents a [9 × 9] singular matrix. In [FJ] scheme, this implies that
the theory has constraints. In order to obtain these constraints, we calculate the zero modes of the
11
symplectic matrix (46), in this case we have a zero mode, and is given by (v
(0)
a )T1 = (0, 0, v
Ai
t), where
vA
i
t is an arbitrary function. In this manner, by using the zero-mode and the symplectic potential
V (0) we obtain
Ω
(0)
i =
∫
dx(v(0))Ta (x)
δ
δξ(0)a(x)
∫
dyV (0)(ξ),
= −
∫
dxvA
i
t(x)δjiDxφj ,
→ −δjiDxφj = 0, (47)
since vA
i
t is an arbitrary function, we obtain the following constraint
Ω
(0)
i = δ
j
iDxφj = 0, (48)
this constraint is the secondary constraint found by means Dirac’s method in above section. In
order to determine whether there are more constraints, we calculate the following [18–21]
f
(1)
cb ξ˙
b = Zc(ξ), (49)
where
Zc(ξ) =

 ∂V (0)(ξ)∂ξa
0

 , (50)
and
f
(1)
cb =

 f (0)ab
∂Ω(0)
∂ξb

 =


0 δij 0
−δji 0 0
0 0 0
δ
j
i ∂x − f ijkAkx f ijkφk 0

 δ(x− y). (51)
We can observe that the matrix (51) is not a square matrix, nevertheless, note that this matrix has an
independent mode given by (v(1))T1 = (−f jikφkδ(x−y), δij∂xδ(x−y)−f jikAkaδ(x−y), vAt , δijδ(x−y)),
this mode is used in order to obtain further constraints. By means of the following expression [18–21]
(v(1))Tc Zc = 0, (52)
where c = 1, we obtain that (52) is an identity, thus, leads to no new constraints for the theory
under study.
According to the [FJ], we will write a new Lagrangian, this is done by means of the Ait = λ˙
i Lagrange
multiplier associated to that constraint Ω
(0)
i , therefore, we can write the next symplectic Lagrangian
L(1) = φiA˙ix +Ω(0)i λ˙i − V (1), (53)
where V (1) = V (0) |
Ω
(0)
i
=0
= 0, the symplectic potential vanish reflecting the general covariance
of the theory, just like it is present in General Relativity. From the first-order Lagrangian (53),
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we can identify the next symplectic variables ξ(1)a(x) = {φi, Aix, λi} and the new coefficients of
1-forms a(1)a(x) = {0, φi,Ω(0)i }. Therefore, having considered this new information, we can obtain
the following symplectic matrix
f
(1)
ab (x, y) =


0 δij δ
i
j∂y + f jk
iAky
−δji 0 −f ijkφk
−δji ∂x − f ikjAkx −f ijkφk 0

 δ(x− y), (54)
where rows and columns follow the order φi, A
i
x, λ
i. The symplectic matrix f
(1)
ab represents a [9×9]
singular matrix. However, as discussed above there are not more constraints; the noninvertibility of
(54) implies that there is a gauge symmetry. If we want to invert the symplectic matrix, we choose
the following gauge fixing
Ait(x) = 0, (55)
according to the [FJ] formalism, we have to introduce the gauge fixing as constraint by mean of
lagrange multiplier βi. Now, introducing this new information into (53), leads to new symplectic
Lagrangian
L(2) = φiA˙ix + (Ω(0)i + βi)λ˙i, (56)
thus, we identify the following set of symplectic variables ξ(2)a(x) = {φi, Aix, λi, βi} and the
symplectic 1-forms a(2)a(x) = {0, φi,Ω(0)i + βi, 0}. Furthermore, by using these symplectic variables
we find that the symplectic matrix is given by
f
(2)
ab (x, y) =


0 δij δ
i
j∂y + f jk
iAky 0
−δji 0 −f ijkφk 0
−δji ∂x − f ikjAkx −f ijkφk 0 −δji
0 0 δij 0

 δ(x− y). (57)
The symplectic matrix f
(2)
ab represents a [12 × 12] nonsingular matrix. After a long calculation,
the inverse is given by
[f
(2)
ab (x, y)]
−1 =


0 −δij 0 −f jikφk
δ
j
i 0 0 −δji ∂y − f ikjAky
0 0 0 δji
−f jikφk δij∂x + f jkiAkx −δij 0

 δ(x− y). (58)
Therefore, from (58) it is possible to identify the following [FJ] generalized brackets by means of
{ξ(2)i (x), ξ(2)j (y)}FJ = [f (2)ij (x, y)]−1, (59)
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thus, the following brackets are identified
{Aix(x), φj(y)}FJ = δijδ(x − y),
{φi(x), βj(y)}FJ = −f jikφkδ(x − y),
{Aix(x), βj(y)}FJ = −δij∂yδ(x− y)− f ikjAkyδ(x− y),
{λi(x), βj(y)}FJ = δijδ(x − y). (60)
It is important to comment, that the generalized [FJ] brackets obtained from (58) agreed with the
Dirac method reported above. In fact, if we make a redefinition of the fields introducing the momenta
given by
Πxi = φi,
Πφi = 0, (61)
the generalized [FJ] brackets (60) take the form
{Aix(x), φj(y)}FJ = δijδ(x− y),
{Aix(x),Πxj (y)}FJ = δijδ(x− y), (62)
where we can observe that (62) coincide with the full Dirac’s brackets found in (31).
As we have discussed earlier, in [FJ] approach it is not necessary classify the constraints in first
class or second class, since all the constraints are at the same footing. Therefore, we can perform
the counting of physical degrees of freedom in the following form; there are 6 dynamical variables
(φi, A
i
x) and 6 constraints (Ω
(0)
i , A
i
t), therefore, the theory lacks of physical degrees of freedom.
Finally, we have calculated the gauge transformations of the theory, for this aim we calculate the
mode of the matrix (54), this mode is given by
(w(1))T1 = (−f ijkφkδ(x − y), δij∂xδ(x− y)− f ijkAkxδ(x− y), δijδ(x− y)).
It can be seen that the zero-mode (w(1))T1 is the generator of the infinitesimal gauge transformation
of the action (43) and the gauge transformation of fields are given by
δφi(x) = f ij
kφkε
j ,
δAix(x) = −Dxεi,
δAit(x) = ∂tτ
i.
In this manner, by using the [FJ] symplectic framework we have reproduced the gauge transforma-
tions reported in Dirac’s method.
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VI. CONCLUSIONS AND PROSPECTS
In this paper, we analyse the BF model from point of view of the Dirac formalism and FJ method.
In respect to Dirac’s method, we have shown the complete structure of the constraints. On the other
hand, we have calculated the algebra between the constraints, and it has been shown that the set
of constraints form a closed algebra. Besides, by using the Dirac formalism we obtained the gauge
transformations and by defining the gauge parameters, diffeomorphisms and Poincare´ symmetries
can be obtained from the fundamental gauge symmetry. The counting of physical degrees of freedom
is also performed. These results can be compared with those obtained by means of the Hamilton-
Jacobi [13] formalism. Furthermore, by considering the second class constraints as strong equation,
the results is reduced to the usual expression found in the literature [11, 12], which is defined on a
reduced phase space context.
On the other hand, with the purpose of studying the dynamics of BF model from another point
view, we have used the [FJ] formalism. The advantage of using the [FJ] method is that all the
constraints of the theory are at the same footing and generally leads to a less number of constraints
that the Dirac formalism, and this fact allows that the [FJ] method is more convenient to perform.
Moreover, we have showed that the generalized [FJ] brackets and the Dirac’s ones coincide to each
other. Besides, we have obtained that the number of physical degrees of freedom is the same as the
one obtained from the Dirac formalism. In this manner, we have reproduced all relevant Dirac’s
results by working with [FJ], in particular we can see that [FJ] is more economical when it is
compared with the Dirac formalism.
We finish this paper with some comments, as discussed above, in the [FJ] framework it is not
necessary to classify the constraints in second class or first class as in Diracs method is done,
consequently, the algebraic operations that involving constraints analysis are shortened. This fact
allows that the [FJ] method is more convenient to develop. In this sense, we can carry out the
analysis to other models of 2D gravity. The action (63) is an alternative model reproducing Einstein’s
equations with a cosmological constant and dynamical torsion [29, 30]
S[eIµ, ωµ] =
∫
d2xe
(
1
16α
RIJµνR
µν
IJ −
1
8β
T IµνT
µν
I − Λ
)
, (63)
at the same time, the action (63) contains solutions with constant curvature and zero torsion, it also
includes several other 2D gravity models [5, 6, 8] and this is of particular interest for investigations
of the quantum structure of gravity. The Hamiltonian analysis of the model (70) has been developed
in [31] and its canonical quantization in [32]. On the other hand, we can find in the literature [30]
that the model (63) in the region e = det(eIµ) 6= 0 can be written as a gauge theory based on the
quadratic extension of the Poincare´ algebra and can be rewritten as
S˜[eIµ, ωµ, ϕ, ϕI ] =
∫
d2x[
1
2
εµν(ϕRµν + ϕIT
I
µν)− e(αϕ2 + βϕIϕI + Λ)]. (64)
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The Hamiltonian analysis on the full phase space of the action (64) has not been reported and
the complete structure of the constraints it is unknown. As previously discussed, in some cases, to
implement the Dirac algorithm is large and tedious task, hence, it is necessary to use alternative
formulations that could give us a complete canonical description of the theory, in this sense, we will
utilize the [FJ] formalism with the purpose of studying the action (64) in [33].
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